Abstract. We study derived intersections of smooth analytic cycles, and provide in some cases necessary and sufficient conditions for this intersection be formal. In particular, if X is a complex submanifold of a complex manifold Y, we prove that X can be quantized if and only if the derived intersection of X 2 and ∆ Y is formal in D b X 2 .
product of O X and O Y is just the alternate sum of the classes of the sheaves Tor
Then ch r (Λ −1 E) is exactly the excess class ξ introduced above. For a geometric interpretation of intersection in K-theory, we refer the reader to the classical Tor formula [7, §5.C.1].
For applications, it is essential to lift K-theoretic results at the level of derived categories. The intersection product of two algebraic cycles X and Y in this framework is simply the derived
, which is much more complicated to study. First of all, the element ϑ admits canonical lifts in D b (X) or D b (Y), but does not always comes from an object in D b (T ). Thus ϑ doesn't live on the set-theoretic intersection of X and Y. Next, for any nonnegative integer p, there is a canonical isomorphism between H −p (ϑ) and Λ p E. There is therefore a natural candidate for ϑ, namely the formal object s (E) := 
Theorem ([1]). Let X, Y be smooth complex manifolds such that X is a closed complex submanifold of Y. Then j * X/Y j X/Y * O X is formal in D b (X) if and only if N * X/Y can be lifted to a holomorphic vector bundle on the first formal neighbourhood of X in Y.
In particular, if the injection of X into its first formal neighbourhood in Y admits a retraction σ, which means in the terminology of [5] that (X, σ) is a quantized analytic cycle, then j * X/Y j X/Y * O X is formal. This fact was discovered by Kashiwara in the beginning of the nineties [6] , and his proof has been written down in [5] . In this paper, we are interested in more general intersections than self-intersections. We will deal with cycles intersecting linearly, which means that the intersection is locally biholomorphic to an intersection of linear subspaces. We will also make the additional assumption that one of the cycles, say X, can be quantized. Our main result runs as follows 
Two extreme cases of this theorem are already known: the case of self-intersections and the case of transverse intersections. For self-intersections, the formality follows directly from ArinkinCaldȃrȃru's result, since X is assumed to be quantized. For transverse intersections, there are no higher Tor sheaves so that j although j * Y/Z j X/Z * O X is locally formal, and hence comes locally from D b (T ), this property is no longer true globally in general if the excess exact sequence is not split; we provide counterexamples.
One of the principal applications of Theorem 1.1 is the existence of a formality criterion in order that an analytic cycle be quantized: Theorem 1.2. Let X be a smooth complex submanifold of a complex manifold Y. Then X can be quantized if and only if the object j *
This result follows directly from Theorem 1.1 by applying the trick of the reduction to the diagonal. Thus, the existence of an extension to the conormal bundle at the first order or the existence of an infinitesimal retraction for a complex analytic cycle are both equivalent to the formality of a derived intersection: the first one involves the pair (X, X) in Y and the second one
, since no necessary condition for the formality of this complex is known up the the author's knowledge. We conjecture that it is indeed the case, and provide some evidence towards this conjecture. Thomas, I would like to thank them both for many interesting discussions on this topic.
Notations and conventions
All complex manifolds considered are smooth and connected. By submanifold, we always mean closed submanifold. If X and Y are complex analytic spaces such that X is a complex subspace of Y, we denote by j X/Y the corresponding inclusion morphism, and we denote by X Y the first formal neighbourhood of X in Y. For any holomorphic vector bundle E on a complex manifold X, we denote by s (E) the formal complex k≥0
For any ringed complex space (X, O X ), we denote by D b (X) the bounded derived category of the abelian category of coherent sheaves of O X -modules on X. For any holomorphic map f : X −→ Y between complex manifolds, we denote by f
the associated derived pullback. The non-derived pullback functor is denoted by H 0 ( f * ).
Quantized analytic cycles and AK complexes
We recall terminology and basics constructions from [5] . Let Z be complex manifold. A quantized analytic cycle in Z is a pair (X, σ) such that X is a closed connected complex submanifold of Z and σ is a retraction of the injection of X into its first formal neighbourhood in Z. If we denote the latter by X Z , then σ is a morphism of sheaves of
Equivalently, σ is a splitting of the Atiyah sequence 
Besides, (P σ ) −k is acted on by O X Z via σ as follows: O X acts in the natural way by multiplication, and N * X/Z acts on Λ k+1 N * X/Z by 0 and on 
, there is an associated natural isomorphism between P σ and P σ+ϕ given in any degree −k by
Linear intersections and excess contributions
Let us consider three complex manifolds X, Y and Z such that X and Y are closed complex submanifolds of Z. Let T = X ∩ Y. We will say that X and Y intersect linearly if for any point t in T , there exist local holomorphic coordinates of Z near t such that X and Y are given by linear equations in these coordinates. If this is the case, T is smooth, and there exists a holomorphic vector bundle E on T fitting in the exact sequence
The bundle E is called the excess intersection bundle. If two cycles X and Y in Z intersect linearly then for any nonnegative integer k, Tor
The two extreme cases of linear intersections are transverse intersections (in that case E = {0}) and self-intersections (in that case X = Y and E = N * X/Z ). We give computations in local coordinates which will be useful in the sequel. By definition of linear intersections, we can find local holomorphic coordinates
on Z in a neighbourhood U of any point in T such that locally
The excess bundle E is the bundle spanned by dt 1 , . . . , dt r . Let K[U] be the Koszul complex on U associated with the regular sequence 
Restriction of the AK complex
We keep the notation of §4. The cartesian diagram of analytic spaces
which is in fact an isomorphism (this can be checked using local holomorphic coordinates as in the end of §3). If we restrict the sequence 1 to Y, we get the exact sequence
which is exactly the sequence
obtained by merging the sequences (1) and (3) 
corresponding to the pair (T, Y).
We turn now to the quantized situation, where we can describe explicitly the restriction to Y functor from Mod O X Z to Mod O T Y . Assume that (X, σ) is a quantized analytic cycle in Z.
Let us define a sheaf of rings O T on T by the formula O T = σ * O X Z | T . Then we have an exact sequence
The inclusion morphism from T Y to X Z can be described as follows:
Let us now consider the Leray filtration on Λ k N. The p-th piece F p of this filtration is the image of
T/Y , it follows from (6) that the restriction of the AK complex P σ to Y is given for any nonnegative integer k by the formula
We can describe explicitly ( (7) by the inclusion on the last factor and zero on the first factor is O T Y -linear. It follows that we have a quasi-isomorphism in D b T Y :
It is important to remark that this isomorphism is not induced by a morphism of complexes.
Formality in the split case
Let us define a morphism
in D b (Y) using (8). If (3) splits, then for any positive integer k, any splitting of this sequence yields an isomorphism between F 1 Λ k N and Let (X, σ) , Y, Z be as above; and assume that the excess exact sequence (3) splits. Then the composite morphism
Proof. Let us describe Ψ σ locally. For this we use the computations in local coordinates performed at the end of §4. Taking the same notations, we see that we have a commutative diagram
, where τ is the local quantization of X adapted to our choice of local holomorphic coordinates, and the right vertical arrow is given by (4). Then we can prove easily that the same results holds if we replace σ by τ. Indeed, if U is small enough, we can pick a holomorphic connection on N * X/Z on U; and we have a commutative diagram k≥0
where the left vertical isomorphism is given by (2) . This yields the result.
Remark that even if the excess sequence (3) if not split, we always an Atiyah morphism
which is the component of degree −1 of Ψ σ . This morphism induces an isomorphism on the local cohomology sheaves in degree −1 of both sides.
The reverse implication
Let us now assume that j *
which is an isomorphism on the local cohomology sheaves of degrees 0 and −1. The first component is given by the composition
and the second one is the Atiyah morphism (9). Therefore, if
, we can replace β 0 by p and β 1 by at σ . At usual, we denote by P σ the AK complex associated with (X, σ). Let us consider the morphism
Note that the last two arrows occurring in the expression of m induce isomorphisms on local cohomology sheaves of degrees 0 and −1.
, hence in Mod(T ); we denote it n. For later use, let us precise that we take for the first factor E the term
which yields another commutative diagram, namely
We can do the same by switching the factors: using the morphism O Z −→ P σ , we get the diagram
Therefore wee see that the composite map
is an isomorphism whose first component is α. This proves that N * T/Y is a direct factor of E in N * , so that (3) is holomorphically split.
An alternative proof
In this section, we sketch an alternative proof of the splitting of the excess exact sequence ( 
Using this decomposition, we write ϕ = p,q ϕ p,q . Then for any nonnegative integer p the morphism H −p (ϕ) is determined by ϕ p, p+d . Besides, it is possible to check using local holomorphic coordinates that for any p, the map ϕ p, p+d fits into the commutative diagram below: r r r r r
The reason for this is that we have normalised the action of the isomorphism ϕ on the local cohomology sheaves. If r denotes the rank of the excess bundle E, then transpose of the map No necessary and sufficient condition is known for the formality 
Perspectives
In view of the preceding discussion, we propose a very natural conjecture, which predicts the formality of all derived self-intersections in the bounded derived category of the ambient complex manifold.
Conjecture 10.1. For any pair
As an evidence for this conjecture, we provide the following formality result for truncated objects of length two (which corresponds in classical terms to the degeneracy at the page E 2 of a spectral sequence):
Proof. Let j = j X/Y and ϑ = j * j * O X . The Atiyah morphism at :
, which induces an isomorphism in local cohomology of degree −1.
. We can go a step further in D b (Y): let us consider the morphism [2] . It induces an isomorphism in local cohomology of degree −2. Therefore
. Recall now that j * ϑ is a ring object in D b (Y), the ring structure being given by the composition of morphisms
Let us consider the morphism τ ≤−1 j * ϑ ⊗p −→ j * ϑ ⊗p −→ j * ϑ where the last arrow is the ring multiplication. Since the left-hand side is concentrated in degrees at most −p, this morphism can be factored through τ ≤−p j * ϑ. Applying the truncation functor τ ≥−p+1 , we get a morphism τ ≥−p+1 τ ≤−1 j * ϑ ⊗p −→ τ ≥−p+1 τ ≤−p j * ϑ.
Remark now that the natural morphism τ ≥−p+1 τ ≤−1 j * ϑ ⊗p −→ τ ≥−p+1 τ ≥−2 τ ≤−1 j * ϑ ⊗p is an isomorphism, so that we obtain a morphism θ : τ ≥−p+1 τ ≥−2 τ ≤−1 j * ϑ ⊗p −→ τ ≥−p+1 τ ≤−p j * ϑ.
We have seen that τ ≥−2 τ ≤−1 j * ϑ is formal; this yields X/Y extends at the first order (see [1] ). This reflects the fact that j * is not faithful.
